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Abstract 

A Kuranishi space is a topological space equipped with a Kuranishi 
structure, defined by Fukaya and Ono. Kuranishi structures occur natu- 
rally on many moduli spaces in differential geometry, and in particular, 
in moduli spaces of stable J-holomorphic curves in Symplectic Geometry. 

This paper is a summary of the author's book [12]. Let Y be an 
orbifold, and R a Q-algebra. We shall define a new homology theory 
of Y , Kuranishi homology KH-^iY; R), using a chain complex KC*{Y; R) 
spanned by isomorphism classes [X, f,G], where X is a compact, oriented 
Kuranishi space with corners, f : X Y is strongly smooth, and G is 
some extra gauge-fixtng data for {X,f). The purpose of G is to ensure 
the automorphism groups Aut(X, /, G) are finite, which is necessary to 
get a well-behaved homology theory. Our main result is that KHt(Y\ R) 
is isomorphic to singular homology. 

We define Poincare dual Kuranishi (co)homology KH*{Y; R), which is 
isomorphic to compactly-supported cohomology, using a cochain complex 
KC*(Y; R) spanned by [X, f, C], where X is a compact Kuranishi space 
with corners, / : X ^ y is a cooriented strong submersion, and C is 
co-gauge-fixtng data. We also define simpler theories of Kuranishi bordism 
and Kuranishi cobordism KB,, KB* {Y; R), for R a commutative ring. 

These theories are powerful new tools in Symplectic Geometry. Mod- 
uli spaces of J-holomorphic curves define (co) chains directly in Kuranishi 
(co)homology or Kuranishi (co)bordism. This hugely simplifies the for- 
mation of virtual cycles, as there is no longer any need to perturb moduli 
spaces. The theory has applications to Lagrangian Floer cohomology. 
String Topology, and the Gopakumar-Vafa Integrality Conjecture. 
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1 Introduction 

A Kuranishi space is a topological space with a Kuranishi structure, defined 
by Fukaya and Ono [10, 11]. Let Y be an orbifold and R a Q-algebra. In 
the book [12] the author develops Kuranishi homology KH^{Y\R) and Kuran- 
ishi cohomology KH*{Y; R). The (co)chains in these theories are of the form 
[X, f, G] where X is a compact Kuranishi space, f : X ^ Y is a. strongly 
smooth map, and G is some extra gauge-fixing data. We prove KHt,(Y; R) is 
isomorphic to singular homology H^^{Y;R), and KH*{Y;R) is isomorphic to 
compactly-supported cohomology H*g{Y; R). We also define Kuranishi bordism 
KB^{Y]R) and Kuranishi cobordism KB*{Y] R), for R a commutative ring. 

This paper is a brief introduction to selected parts of [12]. The length of [12] 
(presently 290 pages) is likely to deter people from reading it, but the main ideas 
can be summarized much more briefly, and that is what this paper tries to do. 
A User's Guide, say for a car or a computer, should give you a broad overview of 
how the machine actually works, and instructions on how to use it in practice, 
but it should probably not tell you exactly where the carburettor is, or how the 
motherboard is wired. This paper is written in the same spirit. It should provide 
you with sufficient background to understand the sequels [2, 13, 14] (once I get 
round to writing them), and also to decide whether Kuranishi (co)homology is 
a good tool to use in problems you are interested in. 

Here are the main areas of [12] that we will not cover. In [12] we also define 
effective Kuranishi (co)homology KH^\ KH*^{Y; R), a variant on Kuranishi 
homology that has the advantage that it works for all commutative rings R, 
including R = Z, and is isomorphic to , H*^{Y; R), but has the disadvantage 
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of restrictions on the Kuranishi spaces X allowed in chains [X,f,G], which 
limits its applications in Symplectic Geometry. Similarly, [12, Ch. 5] actually 
defines five different kinds of Kuranishi (co)bordism, but below we consider 
only the simplest. The applications to Symplectic Geometry in [12, Ch. 6] are 
omitted. 

Kuranishi (co)homology is intended primarily as a tool for use in areas of 

Symplectic Geometry involving J-holomorphic curves, and will be applied in 
the sequels [2,13-15]. Kuranishi structures occur naturally on many moduli 
spaces in Differential Geometry. For example, if (M, w) is a compact symplectic 
manifold with almost complex structure J then the moduli space Adg.m (M- J, P) 
of stable J-holomorphic curves of genus g with m marked points in class /3 in 
H2{M;Z) is a compact Kuranishi space with a strongly smooth map Hi ^Vj : 
■Mg^m{M, J, /?) M"*. By choosing some gauge-fixing data G wc define a cycle 
[Mg,raiM,J,P),Ylieyri,G] in i4:a(M™;Q) whose homology class [[Mg,miM, 
J, 13), Hi evi, G]] in KH^M""; Q) ^ HfiM""; Q) is a Gromov-Witten invariant 
of {M,uj), and is independent of the choice of almost complex structure J. 

In the conventional definitions of symplectic Gromov-Witten invariants [11, 
16,17,19], one must define a virtual cycle for Aig^m{M,J,(3). This is a com- 
plicated process, involving many arbitrary choices: first one must perturb the 
moduli space, morally over Q rather than Z, so that it becomes something like a 
manifold. Then one must triangulate the perturbed moduli space by simplices to 
define a cycle in the singular chains C^'(M'"; Q). The Gromov Witten invariant 
is the homology class of this virtual cycle. By using Kuranishi (co)homology as a 
substitute for singular homology, this process of defining virtual cycles becomes 
much simpler and less arbitrary. The moduli space is its own virtual cycle, and 
we eliminate the need to perturb moduli spaces and triangulate by simplices. 

The real benefits of the Kuranishi (co) homology approach come not in closed 
Gromov- Witten theory, where the moduli spaces arc Kuranishi spaces without 
boundary, but in areas such as open Gromov-Witten theory, Lagrangian Floer 
cohomology [10], Contact Homology [8], and Symplectic Field Theory [9], where 
the moduli spaces arc Kuranishi spaces with boundary and corners, and their 
boundaries are identified with fibre products of other moduli spaces. 

In the conventional approach, one must choose virtual chains for each mod- 
uli space, which must be compatible at the boundary with intersection products 
of choices of virtual chains for other moduli spaces. This business of boundary 
compatibility of virtual chains is horribly complicated and messy, and a large 
part of the 1385 pages of Fukaya, Oh, Ohta and Ono's work on Lagrangian Floer 
cohomology [10] is devoted to dealing with it. Using Kuranishi cohomology, be- 
cause we do not perturb moduli spaces, choosing virtual chains with boundary 
compatibility is very easy, and Lagrangian Floer cohomology can be reformu- 
lated in a much more economical way, as we will show in [12, §6.6] and [2]. 

An important feature of these theories is that Kuranishi homology and co- 
homology are very well behaved at the (co)chain level, much better than sin- 
gular homology, say. For example, Kuranishi cochains KC*{Y;R) have a su- 
percommutative, associative cup product U, cap products also work well at 
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the (co)chain level, and there is a well-behaved functor from singular chains 
CJ'(F;i?) to Kuranishi chains KCt,{Y; R). Because of this, the theories may 
also have applications in other areas which may not be directly related to Ku- 
ranishi spaces, but which need a (co)homology theory of manifolds or orbifolds 
with good (co)chain-level behaviour. In [14] we will apply Kuranishi (co)chains 
to reformulate the String Topology of Chas and Sullivan [5], which involves 
chains on infinite-dimensional loop spaces. Another possible area is Costello's 
approach to Topological Conformal Field Theories [7], which involves a choice 
of chain complex for homology, applied to moduli spaces of Riemann surfaces. 

As well as Kuranishi homology and cohomology, in [12, Ch. 5] we also define 
Kuranishi hordism KB^,{Y] R) and Kuranishi cohordism KB*{Y; R). These are 
simpler than Kuranishi (co) homology, being spanned by [X, f] for X a compact 
Kuranishi space without boundary and f . X ^ Y strongly smooth, and do 
not involve gauge-fixing data. In contrast to Kuranishi (co)homology which 
is isomorphic to conventional homology and compactly-supported cohomology, 
these are new topological invariants, and we show that they are very large — 
for instance, if y 7^ and i? igJz Q 7^ then KB2k{Y; R) is infinitely generated 
over R for all fc G Z. 

In [12, §6.2] we define new Gromov-Witten type invariants [A4g,„i{M, J, 
P),Y[i^'^i] ill Kuranishi bordism KB^{M"^;Z). Since these are defined in 
groups over Z, not Q, the author expects that Kuranishi (co)bordism will be use- 
ful in studying integrality properties of Gromov-Witten invariants. In [12, §6.3] 
we outline an approach to proving the Gopakumar-Vafa Integrality Conjecture 
for Gromov-Witten invariants of Calabi-Yau 3-folds, which the author hopes 
to take further in [15]. 

Acknowledgem,ents. I am grateful to Mohammed Abouzaid, Manabu Akaho, 
Kenji Fukaya, Ezra Getzler, Shinichiroh Matsuo, Yong-Geun Oh, Hiroshi Ohta, 
Kauru Ono, Paul Seidel, Ivan Smith and Dennis Sullivan for useful conversa- 
tions. This research was partially supported by EPSRC grant EP/D07763X/1. 

2 Kuranishi spaces 

Kuranishi spaces were introduced by Fukaya and Ono [10, 11], and are impor- 
tant in Symplectic Geometry because moduli spaces of stable J-holomorphic 
curves in symplectic manifolds are Kuranishi spaces. We use the definitions and 
notation of [12, §2], which have some modifications from those of Fukaya-Ono. 

2.1 Manifolds and orbifolds with corners and g-corners 

In [12] we work with four classes of manifolds, in increasing order of generality: 
manifolds without boundary, manifolds with boundary, m,anifolds with comers, 
and manifolds with generalized corners or g-corners. The first three classes are 
fairly standard, although the author has not found a reference for foundational 
material on manifolds with corners. Manifolds with g-corners are new, as far as 
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the author knows. The precise definitions of these classes of manifolds arc given 
in [12, §2.1]. Here are the basic ideas: 

• An n- dimensional manifold without boundary is locally modelled on open 
sets in R". 

• An n- dimensional manifold with boundary is locally modelled on open sets 
in M" or [0,oo) x M""\ 

• An n- dimensional manifold with corners is locally modelled on open sets 
in [0, 00)'= X M"-'= for fc = 0, . . . , n. 

• A polyhedral cone C in R" is a subset of the form 

C = {{xi,...,Xn) e M" : alxi H h aj,a;„ ^0, 2 = l,...,fc}, 

where a* G M for i = 1, . . . , fc and j = 1, . . . , n. 

An n- dimensional manifold with g-corners is roughly speaking locally 
modelled on open sets in polyhedral cones C in M" with nonempty interior 
C°. Since [0, oo)''' x M""'' is a polyhedral cone C with C° / 0, manifolds 
with corners are examples of manifolds with g-corners. In fact the subsets 
in M" used as local models for manifolds with g-corners are more gen- 
eral than polyhedral cones, but this extra generality is only needed for 
technical reasons in the proof of Theorem 13.31 

Here are some examples. The line R is a 1-manifold without boundary; the 
interval [0, 1] is a l-manifold with boundary; the square [0, l]'^ is a 2-manifold 
with corners; and the octahedron 

O = {{xi,X2,xz) e R^ : \xi\ + 1x21 + \xz\ < l} 

in R^ is a 3-manifold with g-corners. It is not a manifold with corners, since four 
2-dimensional faces of O meet at the vertex (1,0,0), but three 2-dimensional 
faces of [0,00)"^ meet at the vertex (0,0,0), so O near (1,0,0) is not locally 
modelled on [0,oo)'^ near (0,0,0). 

Manifolds X with boundary, corners, or g-corners have a well-behaved notion 
of boundary dX. To motivate the definition, consider [0, 00)^ in R^. If we took 
a([0,oo)2) to be the subset ([0,cx)) x {0}) U ({0} x [0,cx))) of [0,oo)2, then 
9([0, 00)^) would not be a manifold with corners near (0,0). Instead, we take 
9([0, 00)^) to be the disjoint union of the two boundary strata [0, 00) x {0} and 
{0} X [0,00). This is a manifold with boundary, but now 9([0, 00)^) is not a 
subset of [0, cx))^, since two points in 9([0, cxo)^) correspond to (0, 0) in [0, cx))^. 

We define the boundary dX of an n-manifold X with (g-)corners to be the 
set of pairs {p,B), where p G X and _B is a local choice of connected (n — 1)- 
dimensional boundary stratum of X containing p. Thus, if p lies in a codimen- 
sion k corner of X locally modelled on [0, oo)'^ x M"^'^ then p is represented by 
k distinct points {p, Bi) in dX for i — 1^ . . . ,k. Then dX is an (n — l)-manifold 
with (g-)corners. Note that dX is not a subset of X, but has a natural im- 
mersion L : dX — > X mapping (p, B) p. Often we suppress t, and talk of 
restricting data on X to dX, when really we mean the puUback by t. 
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If X is a n-manifold with (g-)corncrs then d'^X is an (n — 2)-nianifold with 
(g-)corners. Points of d'^X may be written (p, B\^Bi), where p G X and B\,Bi 
are distinct local boundary components of X containing p. There is a natural, 
free invohition a : d^X d'^X mapping <t : (p, Bi,B2) i-^ (p, B2,Bi), which is 
orientation-reversing if X is oriented. This involution is important in questions 
to do with extending data defined on dX to X. For example, if / : dX ^ K is a 
smooth function, then a necessary condition for there to exist smooth g : X 
with g\dx = / is that flo^x is u-invariant, and if X has corners (not g-corners) 
then this condition is also sufficient. 

Orbifolds arc a generalization of manifold, which allow quotients by finite 
groups. Again, we define orbifolds without boundary, or with boundary, or with 
corners, or with g-corners, where orbifolds without boundary are locally mod- 
elled on quotients R"/r for F a finite group acting linearly on R", and similarly 
for the other classes. (We do not require F to act effectively, so we cannot re- 
gard F as a subgroup of GL(n, M).) Orbifolds (then called y-manifolds) were 
introduced by Satakc [18], and a book on orbifolds is Adcm ct al. [1]. Note 
however that the right definition of smooth maps of orbifolds is not that given 
by Satake, but the more complex notion of morphisms of orbifolds in [1, §2.4]. 
When we do not specify otherwise, by a manifold or orbifold, we always mean 
a manifold or orbifold with g-corners, the most general class. 

Let X,Y be manifolds of dimensions m,n. Smooth maps f : X ^ Y are 
continuous maps which arc locally modelled on smooth maps from M". 
A smooth map / induces a morphism of vector bundles df : TX f*(TY) 
on X, where TX,TY are the tangent bundles of X and Y. For manifolds 
X, Y without boimdary, we call a smooth map f : X ^ Y a submersion if 
df : TX f*{TY) is a surjective morphism of vector bundles. If X,Y have 
boundary or (g-)corners, the definition of submersions / : X — > F in [12, §2.1] is 
more complicated, involving conditions over d^X and d^Y for all k,l ^ 0. When 
ay = 0, / is a submersion if d{f\oi^x) ■ T{d'^X) f\l^^{TY) is surjective for 
all fc > 0. 

Let X, X', Y be manifolds (in any of the four classes above) and f : X Y, 
/' : X' — > F be smooth maps, at least one of which is a submersion. Then the 
fibre product X x X' or X Xy X' is 

X Xf^Yj' X' = {(p,/) GXxX': fip) = f'ip')}. (1) 

It turns out [12, Prop. 2.6] that X Xy X' is a submanifold of X x X', and so 
is a manifold (in the same class as X,X',Y). When X,X',Y have boundary 
or (g-)corncrs, the complicated definition of submersion is necessary to make 
X Xy X' a submanifold over d^X,d^' X' ,d^Y . 

Fibre products can be defined for orbifolds [12, §2.2], but there are some 
subtleties to do with stabilizer groups. To explain this, first consider the case in 
which U, U' , V are manifolds, and F, F', A are finite groups acting on U, U', V 
by diffeomorphisms so that U/T, U'/V, V/A are orbifolds, and p : T ^ A, 
p' : V ^ A arc group homomorphisms, and f : U ^ V , f : U' ^ V are 
smooth p- and p'-equi variant maps, at least one of which is a submersion. Then 
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/, /' induce smooth maps of orbifolds : U /T F/A, fl : U' /T' V/A, at 
least one of which is a submersion. 

It turns out that the right answer for the orbifold fibre product is 

(C//r) X f,^v/A,n (U'/T') - (([/ X U') X /x/',yxK. (V x A))/(r x r'). (2) 

Here 7r:FxA^t/xl/is given by tt : {v, 6) {v, 6-v), and {U xU') x fxf'.vxV.Tr 
{V X A) is the fibre product of smooth manifolds, and F x F' acts on the 
manifold (U x U') xy-^y {V x A) by diffcomorphism (7,7') : ({u,u'), {v,S)) 1-^ 
((7 ■ u,Y ■ u'),{p{j) ■ w, p'(7')^p'(7')~^)) , so that the quotient is an orbifold. 
Now © coincides with ^ for X ^ U/T, X' = U' /V , Y V/A only if one of 
yO : F ^ A, p', F' — > A are surjective; otherwise the projection from ([21) to ([1]) is 
a finite surjective map, but not necessarily injective. 

This motivates the definition of fibre products of orbifolds. Let X, X', Y be 
orbifolds, and f : X ^ Y , f : X' ^ Y he smooth maps, at least one of which is 
a submersion. Then for p e X and p' e X' with f{p) = q = f{p') in Y we have 
morphisms of stabihzer groups /» : Stab(p) Stab(g), : Stab(p') Stab(g). 
Thus we can form the double coset space 

/,(Stab(p))\Stab(g)//:(Stab(p')) 

= {{/*(7)'5/*(7') : 7 e Stab(p), 7' e Stab(p')} : S G Stab(g)}. 
As a set, we define 

X X f,Yj' X' = {{p,p',A) -.p ex,p'& X', f{p) = f{p'), 

A e /,(Stab(p))\Stab(/(p))//:(Stab(p'))}. 

We give this an orbifold structure in a natural way, such that if ([/, F, 0), 
([/', F', (/.'), {V, A', 1/'') are orbifold charts on X,X',Y with /(Im (f)), /'(Im </.') C 
Im-0 then we use © to define an orbifold chart an. X Xy X' . 

2.2 Kuranishi structures on topological spaces 

Let X be a paracompact Hausdorff topological space throughout. 
Definition 2.1. A Kuranishi neighbourhood {Vp, Ep, Sp^^p) of p G X satisfies: 

(i) Vp is an orbifold, which may or may not have boundary or (g-)corners; 

(ii) Ep Vp is an orbifold vector bundle over Vp, the obstruction bundle; 

(iii) Sp : Vp —^ Ep is a smooth section, the Kuranishi map; and 

(iv) ipp is a homeomorphism from s~^(0) to an open neighbourhood of p in A", 
where s~^{0) is the subset of Vp where the section Sp is zero. 

Definition 2.2. Let {Vp, Ep, Sp,tpp), {Vp, Ep, Sp,ipp) be two Kuranishi neigh- 
bourhoods of p £ X. We call (a, a) : (Vp, . . . , ipp) {Vp, . . . , ipp) an isomor- 
phism if a : Vp —>^ Vp is a diffcomorphism and a : Ep —> a*{Ep) an isomorphism 
of orbibundles, such that Sp o a = a o Sp and -tjjp o a = ipp. 
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We call (Vp, . . . , ipp), (Vp, . . . , i/'p) equivalent if there exist open neighbour- 
hoods Up C Vp, Up C Vp of i;-^{p),tp-^{p) such that {Up,Ep\up,Sp\up,ipp\up) 
and (Up,Ep\fj ,Sp\-Q ,ipp\ij ) are isomorphic. 

Definition 2.3. Let (Vp, Ep, Spj^pp) and (Vq, Eg, Sq, tpg) be Kuranishi neigh- 
bourhoods of p e X and q G Vp(Sp^(0)) respectively. We call a pair {(j)pq,<l>pq) 
a coordinate change from (Vg, . . . , ijjg) to (1^, . . . , i/ip) if: 

(a) (f)pq : V"g is a smooth embedding of orbifolds; 

(b) (/>pg : Eg 4>*pg{.Ep) is an embedding of orbibundles over Vg] 

(C) 4>pg O Sg = SpO <j)pg; 

(d) ijjg = 'ippO 0pg; and 

(e) Choose an open neighbourhood Wpg of (l)pg{Vg) in Vp, and an orbifold 
vector subbundle Fpg of Eplwp^ with 4>pg(Fpq) = (ppg{Eg), as orbifold 
vector subbundles of (f>pq{Ep) over Vg. Write Sp : Wpg Ep/Fpg for the 
projection of SplvVp, to the quotient bundle Ep/Fpg. Now Sp\^ ) lies in 
Fpq by (c), so ■§p|0p,(v,) = 0. Thus there is a well-defined derivative 

dsp : N^^^(^v,)Vp iEp/Fpq)\^^^(^v,), 

where N^^^(^Y^)Vp is the normal orbifold vector bundle of 4>pq(Vq) in Vp. 
Pulling back to Vg using (j)pg, and noting that 4>pg{Fpg) = (f>pq{Eq), gives 
a morphism of orbifold vector bundles over Vq: 

rpqjTVp) rpqjEp) 
■ {d<f>pq)iTVg) 4>^^(Eg) ■ ^ ' 

We require that ([4]) should be an isomorphism over s~^(0). 

Here Definition dS^e) replaces the notion in [11, Def. 5.6], [10, Dcf. Al.14] 
that a Kuranishi structure has a tangent bundle. 

Definition 2.4. A germ of Kuranishi neighbourhoods at p € X is an equiva- 
lence class of Kuranishi neighbourhoods (Vp, Ep, Sp, ipp) of p, using the notion of 
equivalence in Definition 12. 21 Suppose (Vp, Ep, Sp, 4'p) lies in such a germ. Then 
for any open neighbourhood Up of V'p^(p) in Vp, (Up, Ep\u^, Sp\up,2ljp\up) also 
lies in the germ. As a shorthand, we say that some condition on the germ holds 
for sufficiently small (Vp, . . . , ipp) if whenever (Vp, . . . , ipp) lies in the germ, the 
condition holds for {Up, . . . ,ipp\ijp) for all sufficiently small Up as above. 

A Kuranishi structure k on X assigns a germ of Kuranishi neighbourhoods 
for each p ^ X and a germ of coordinate changes between them in the following 
sense: for each p ^ X, for all sufficiently small (Vp, . . . , 4>p) in the germ at p, for 
all q G hmpp, and for all sufficiently small (Vg, . . . , ^g) in the germ at q, we are 
given a coordinate change (0pg, 4>pq) from {Vq, . . . ,'if>q) to {Vp, . . . ,ipp). These 
coordinate changes should be compatible with equivalence in the germs at p, q 
in the obvious way, and satisfy: 
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(i) dim Vp — rank Ep is independent of p; and 

(ii) if g' G Imtjjp and r ^Imi/jq then (f)pq o (pg^. = ^p^ and (f)pq o (f)^^ = (f)p^. 

Wc call vdim X = dim Vp — rank Ep the virtual dimension of the Kuranishi 
structure. A Kuranishi space {X, k) is a topological space X with a Kuranishi 
structure k. Usually we refer to X as the Kuranishi space, suppressing k. 

Loosely speaking, the above definitions mean that a Kuranishi space is lo- 
cally modelled on the zeroes of a smooth section of an orbifold vector bundle 
over an orbifold. Moduli spaces of J-holomorphic curves in Symplectic Geome- 
try can be given Kuranishi structures in a natural way, as in [10, 11]. 

2.3 Strongly smooth maps and strong submersions 

In [12, Def. 2.24] we define strongly smooth maps / : X — > y, for F an orbifold. 

Definition 2.5. Let X be a Kuranishi space, and Y a smooth orbifold. A 
strongly smooth map f : X ^ Y consists of, for all p e X and all sufficiently 
small {Vp,Ep,Sp,tj)p) in the germ of Kuranishi neighbourhoods at p, a choice 
of smooth map fp : Vp ^ Y , such that for all g € Imi/'p and sufficiently small 

{Vq, . . . , ipq) in the germ at q with coordinate change {4>pq^ 4>pq) from [Vq, .... i],.'q) 
to [Vp, . . . , tjjp) in the germ of coordinate changes, we have fp o ippq = fg. Then 
/ induces a continuous map f : X ^ Y in the obvious way. 

We call / a strong submersion if all the arc submersions, that is, the maps 
dfp : TVp fp{TY) arc surjectivc, and also when Vp has boundary or corners, 
fp\dVp '■ dVp — > y is a submersion, and the restriction of fp to each codimension 
k corner is a submersion for all k. 

There is also [12, Dcf. 2.25] a definition of strongly smooth maps f : X ^ Y 
for X, Y Kuranishi spaces, which we will not give. A strong diffeomorphism 
/ : X — > y is a strongly smooth map with a strongly smooth inverse. It is the 
natural notion of isomorphism of Kuranishi spaces. 

2.4 Boundaries of Kuranishi spaces 

We define the boundary dX of a Kuranishi space X, which is itself a Kuranishi 
space of dimension vdimX — 1. 

Definition 2.6. Let X be a Kuranishi space. We shall define a Kuranishi 

space dX called the boundary of X. The points of dX are equivalence classes 
[p, {Vp, tpp), B] of triples {p, (Vp, tpp), B), where p G X, {Vp, ...,ipp) lies 
in the germ of Kuranishi neighbourhoods at p, and S is a local boundary com- 
ponent of Vp at t/jp'^ip). Two triples (p, {Vp, ipp),B), [q, {Vq, i^q), C) are 
equivalent \ip = q, and the Kuranishi neighbourhoods {Vp, . . . , ipp), {Vq, . . . , ipq) 
are equivalent so that we are given an isomorphism (a, a) : {Up, . . . , V'plc/p) ^ 
{Uq,...,ii^q\fj^) for open Vp^(p) & Up <^ Vp and i}q^{q) & Uq Vq, and 
a^{B) = C near 'ii;~^{q). 
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We can define a unique natural topology and Kuranislii structure on dX, 
such that {dVp, i^plgy^, Splay^, ■i/'p) is a Kuranishi neighbourhood on dX for each 
Kuranishi neighbourhood (V^, . . . on X, where : {sp\aVp)^^ {^) ~> dX is 
given by Vp : {q,B) ^ [i^piq], (Vp, . ..%l)p),B] for {q,B) G dVp with Sp(q) = 0. 
Then \d\m{dX) — vdimX — 1, and dX is compact if X is compact. 

In H2.1l we explained that if X is a manifold with (g-)corners then there is a 
natural involution a : d^X d^X. The same construction works for orbifolds, 
and for Kuranishi spaces. That is, if X is a Kuranishi space then as in [12, §2.6] 
there is a natural strong diffeomorphism cr : d^X d^X with cr^ = idx- If X 
is oriented as in i )2. 61 below then a is orientation-reversing. 

2.5 Fibre products of Kuranishi spaces 

We can define fibre products of Kuranishi spaces [12, Def. 2.28], as for fibre 
products of manifolds and orbifolds in ij2.1l 

Definition 2.7. Let X, X' be Kuranishi spaces, Y an orbifold, and f : X ^ Y, 
f':X'~^Yhe strongly smooth maps inducing continuous maps f : X ^ Y 
and f : X' ^ Y. Suppose at least one of /, /' is a strong submersion. We shall 
define the fibre product X Xy X' or X x f^yj' X', a Kuranishi space. As a set, 
the underlying topological space X Xy X' is given by ([3]). 

Let p € X, p' e X' and q eY with f{p) = q = f'ip'). Let (Vp, Ep, Sp^i/^p), 
{Vp' , Ept , Sp' , ip'p') be sufficiently smaU Kuranishi neighbourhoods in the germs 
at p,p' in X, X', and fp-Vp^Y, fpi : Vp' ^ Y be smooth maps in the germs 
of /, /' at p,p' respectively. Define a Kuranishi neighbourhood on X Xy X' by 

{VpXf^^yj,,V;',^*y^{Ep)®7:*y,,{E'p.), 

(Sp o TTyJ ® (Sp- o nv^, ), iijp o TTyJ X {ipp' o nv^, ) X Xpp') • 

Here Vp Xfj,,Y.f', Vp' is the fibre product of orbifolds, and 7ryj^,7ry/, are the 
projections from Vp xy Vp' to Vp,Vp'. The final term Xpp' in (0) maps the 
biquotient terms in ([3]) for x y Vp' to the same terms in ([3]) for the set X xy 
X' . Coordinate changes between Kuranishi neighbourhoods in X,X' induce 
coordinate changes between neighbourhoods ([5]). So the systems of germs of 
Kuranishi neighbourhoods and coordinate changes on X, X' induce such systems 
on X Xy X' . This gives a Kuranishi structure on X Xy X' , making it into a 
Kuranishi space. Clearly vdim(X x-^ X') = vdimX + vdimX' — dimK, and 
X Xy X' is compact if X, X' are compact. 

2.6 Orientations and orientation conventions 

In [12, §2.7] we define orientations on Kuranishi spaces. Our definition is ba- 
sically equivalent to Fukaya et al. [10, Def. A1.17], noting that our Kuranishi 
spaces correspond to their Kuranishi spaces with a tangent bundle. 

Definition 2.8. Let X be a Kuranishi space. An orientation on X assigns, for 
all p G X and all sufficiently small Kuranishi neighbourhoods {Vp, Ep, Sp, ipp) in 
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the germ at p, orientations on the fibres of the orbibundle TVp © Ep varying 
continuously over Vp. These must be compatible with coordinate changes, in 
the following sense. Let q G Im'i/'p, (Vg, . . . , -i/'q) be sufficiently small in the germ 
at q, and (0pg, ippq) be the coordinate change from {Vq, . . . , ijjq) to [Vp, . . . , ijjp) 
in the germ. Define dsp near s~^{Q) C Vjj as in (j?]). 

Locally on Vq, choose any orientation for the fibres of (l)p^{TVp) / {A(j)pq){TVq), 
and let (f)*^{Ep) / (l)pq{Eq) have the orientation induced from this by the isomor- 
phism dsp in These induce an orientation on (^I''%xv ) ® 7^4^!' "^bich is 
independent of the choice for (f>*^{TVp)/{d(j)pq){TVq). Thus, these local choices 
induce a natural orientation on the orbibundle ^ ff^w^^! ^ ® t'"'!^!''! near s~^(0). 
We require that in oriented orbibundles over Vq near s~^(0), we have 



, [TVp © Ep] ^ (_l)dim\/,(dimy,-dimV,) ^j.y^ ^ 



(6) 



where TT^ © Ep and TVq © have the orientations assigned by the orientation 
on X. An oriented Kuranishi space is a Kuranishi space with an orientation. 

Suppose X, X' are oriented Kuranishi spaces, Y is an oriented orbifold, and 
f : X ^ Y, f' : X' ^ Y are strong submersions. Then by §2.4L i }2T5l we 
have Kuranishi spaces dX and X Xy X' . These can also be given orientations 
in a natural way. We shall follow the orientation conventions of Fukaya et 
al. [10, §45]. 

Convention 2.9. First, our conventions for manifolds: 

(a) Let X be an oriented manifold with boundary dX. Then we define the 
orientation on dX such that TX\qx = Kout © T{dX) is an isomorphism 
of oriented vector spaces, where Mout is oriented by an outward-pointing 
normal vector to dX. 

(b) Let X,X',Y be oriented manifolds, and f : X ^ Y , f : X' ^ Y he 
submersions. Then df : TX f*{TY) and df : TX' ^ {f')*{TY) are 
surjective maps of vector bundles over X^X' . Choosing Riemannian met- 
rics on X, X' and identifying the orthogonal complement of Ker df in TX 
with the image f*{TY) of d/, and similarly for /', we have isomorphisms 
of vector bundles over X,X': 

TX ^ Ker df ® f*{TY) and TX' ^ (f)* (TY) ®KeT df . (7) 

Define orientations on the fibres of Ker df, Ker df over X, X' such that ([7]) 
are isomorphisms of oriented vector bundles, where TX, TX' are oriented 
by the orientations on X,X', and f*{TY), {f')*{TY) by the orientation 
on Y . Then we define the orientation on X Xy X' so that 

T(X xyX') =^i(Kerd/)©(/o^x)*(Ty)©^i,(Kerd/') 
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is an isomorphism of oriented vector bundles. Here ttx : X Xy X' ^ X 
and TTx' '■ XxyX' X' are the natural projections, and Jottx = f'oTTx'- 

These extend immediately to orbifolds. They also extend to the Kuranishi 
space versions in Definitions 12.61 and 12.71 for Definition 12.71 they are described 
in [10, Conv. 45.1(4)]. An algorithm to deduce Kuranishi space orientation 
conventions from manifold ones is described in [12, §2.7]. 

If X is an oriented Kuranishi space, we often write —X for the same Kuran- 
ishi space with the opposite orientation. Here is [12, Prop. 2.31], largely taken 
from Fukaya et al. [10, Lem. 45.3]. 

Proposition 2.10. Let Xi, X2, ■ ■ ■ be oriented Kuranishi spaces, Y,Yi,... be 
oriented orbifolds, and fi : Xi Y, . . . be strongly smooth maps, with at least 
one strong submersion in each fibre product below. Then the following hold, in 
oriented Kuranishi spaces: 

(a) // dY = 0, for f^:Xi^Y and f^-^^^Y we have 

diX, Xy X2) = (Ml) Xy X2 H (_l)vdimXi+dimY^^ ^qj^^^ 
and Xi Xy X2 = (_l)(^dimXi-dimy)(vdimX2-dimY)^^ ^ 

(b) For f ^ : Xi ^ Yi, f 2 ■ X2 ^ Yi X Y2 and /g : X3 -^Y2, we have 

(Xi Xy, X2) Xy, X3 = Xi Xy, {X2 Xy, X3). (9) 

(c) For f^:Xi^YiX Y2, /a : ^ Yi and : X^^ Y2, we have 

X, XY,^Y, {X2 X X3) = (_l)dimy.(dimn+vdimX.)(^^ ^ ^ (^q) 



2.7 Coorientations 

To define Kuranishi cohomology in f2]we we will also need a notion of relative 
orientation for (strong) submersions. We call this a coorientation, [12, §2.8]. 

Definition 2.11. Let X,Y be orbifolds, and f : X ^ Y a. submersion. A 
coorientation for (X, /) is a choice of orientations on the fibres of the vector 
bundle Ker df over X which vary continuously over X. Here df : TX f* (TY) 
is the derivative of /, a morphism of vector bundles, which is surjective as / is 
a submersion. Thus Kerd/ is a vector bundle over X, of rank dimX — dimY. 

Now let AT be a Kuranishi space, Y an orbifold, and f : X ^ Y a. strong 
submersion. A coorientation for (A, /) assigns, for all p G A and all sufficiently 
small Kuranishi neighbourhoods {Vp, Ep, Sp, ipp) in the germ at p with submer- 
sion fp'-Vp^Y representing /, orientations on the fibres of the orbibundle 
Kerd/p © Ep varying continuously over Vp, where dfp : TVp -> f*{TY) is the 
(surjective) derivative of fp. 
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These must be compatible with coordinate changes, in the following sense. 
Let q G luitjjp, {Vq, . . . jtpq) be sufficiently small in the germ at q, let fq-Vq^ 
Y represent /, and {(j)pq , (t>pq) be the coordinate change from [Vq, . . . ,ipq) to 
{Vp, . . . jijjp) in the germ. Then we require that in oriented orbibundles over Vq 
near s~^(0), we have 



, [Ker dfp ® Ep] = {-i f'"' ^"('^'^ ^''"'^'"^ [Ker dfq © Eq] 



(11) 



L(d0p,)(Ty,) «^ 0p,(£;,)J' 
by analogy with (O, where ^ ffl'^!!^'^! x ffi t""!^"! is oriented as in Definition 

(arppq)(l Vqj 0p,(i,g) 

Suppose now that Y is oriented. Then an orientation on X is equivalent to 
a coorientation for {X, /), since for all p, {Vp, . . . , V'p), /p as above, the isomor- 
phism TVp = f*{TY) © Kerd/p induces isomorphisms of orbibundles over Vp: 

{TVp ®Ep)- r; {TY) © (Ker dfp ®Ep). (12) 

There is a 1-1 correspondence between orientations on X and coorientations for 
{X, f) such that (|12p holds in oriented orbibundles, where TVp © Ep is oriented 
by the orientation on X, and Kerd/p © Ep by the coorientation for {X, /), and 
fp{TY) by the orientation on Y. Taking the direct sum of fp{TY) with ^ 
and using (I12p yields ([6]), so this is compatible with coordinate changes. 

In [12, Conv. 2.33] we give our conventions for coorientations of boundaries 
and fibre products. These correspond to Convention 12.91 under the 1-1 corre- 
spondence between orientations on X and coorientations for {X, f) above when 
Y is oriented. So the analogue of Proposition [2TTU1 holds for coorientations. In 
particular, for strong submersions f^:Xa—^Y with {Xa,fa) cooriented for 
a = 1, 2, 3, taking dY = in p3|) . we have 

(a(Xi XyX2),7ry) = ((5Xi) XyX2,7ry)n 

(_;^)vdimXi+dimy^^^ (9X2), Try), ^^^^ 

{Xi XyX2,7ry) = (_l)(vdimXi-dimy)(vdimX2-dimY)^^^ XyXi,7ry), (14) 

((Xi XYX2) XyX3,TVy) ^ {Xi Xy {X2 XyX3),7ry). (15) 

Similarly, if Xi is oriented, fi : Xi ^ y is strongly smooth, /2 : X2 ^ F is a 
cooriented strong submersion, and dY = then 

9(Xi Xy X2) = {{dXi) Xy X2) n (_l)vdimXi+dimy^^^ (g^^)) (^g) 

in oriented Kuranishi spaces. 



3 Kuranishi homology 

Kuranishi homology [12, §4] is a homology theory of orbifolds Y in which the 
chains are isomorphism classes [X, /,G], where X is a compact, oriented Ku- 
ranishi space, f : X ^ Y \s strongly smooth, and G is some extra data called 
gauge-fixing data. It is isomorphic to singular homology Hf{Y;R). 
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3.1 Gauge-fixing data 

Let X be a compact Kuranishi space, Y an orbifold, and f : X ^ Y a 
strongly smooth map. A key ingredient in the definition of Kuranishi homology 
in [12] is the idea of gauge fixing data G for {X,f) studied in [12, §6]. Define 
P = YikLo^^ / ^k, where the symmetric group Sk acts on M'^ by permuting the 
coordinates xi, . . . ,Xk- For n = 0, 1, 2, . . ., define -P„ C P by P„ = lXk=o ^''/Sk- 
Gauge-fixing data G for {X, f) consists of a cover of X by Kuranishi neigh- 
bourhoods {V^,E^, s*,V'0 for * in a finite indexing set /, together with smooth 
maps p : ^ Y representing / and maps G^ : ^ Pn C P for some n ^ 0, 
and continuous partitions of unity iji : X ^ [0, 1] and rjj : — > [0, 1], satisfy- 
ing many conditions. One important condition, responsible for Theorem 13. iT b) 
below, is that each G* : i?* ^ P should be a finite map, that is, (G')~^(p) is 
finitely many points for all p ^ P. 

Users of Kuranishi homology do not need to know exactly what gauge-fixing 
data is, so we will not define it. Here are the important properties of gauge- fixing 
data, which are proved in [12, §3]. 

Theorem 3.1. Consider pairs {X,f), where X is a compact Kuranishi space, 
Y an orbifold, and f . X ^ Y a strongly smooth map. In [12, §3.1] we define 
gauge-fixing data G for such pairs (X, /), with the following properties: 

(a) Every pair {X,f) admits a (nonunique) choice of gauge-fixing data G. If 
r C Aut(X, /) is a finite subgroup then we can choose G to be T -invariant. 

(b) For all pairs {X,f) and choices of gauge-fixing data G for {X,f), the 
automorphism group Aut{X, /, G) of isomorphisms (a, b) : {X, f, G) —>■ 
{X, /, G) is finite. 

(c) Suppose G is gauge-fixing data for {X, f) and T is a finite group acting on 
{X, /, G) by isomorphisms. Then we can form the quotient X = X/T, a 
compact Kuranishi space, with projection iv : X ^ X, and f pushes down 
to f . X Y with / = / oTT. As in [12, §3.4], we can define gauge-fixing 
data G for {X, /), which is the natural push down 7r*(G) of G to X . 

(d) // G is gauge-fixing data for {X,f), it has a restriction G\qx defined 
in [12, §3.5], which is gauge-fixing data for (dX, f\gx)- 

(e) Let X be a compact, oriented Kuranishi space with corners (not g- corners), 
f : X ^ Y be strongly smooth, and cr : d^X d^X be the natural invo- 
lution described in i )2.4l Suppose H is gauge-fixing data for (dX, f\dx)- 
Then there exists gauge-fixing data G for {X, f) with G\dx = H if and 
only if H\q2x is invariant under cr. If also T is a finite subgroup of 
Aut(X, /), and H is invariant under T\qx, then we can choose G to be 
T -invariant. 

(f) Let Y, Z be orbifolds, and h : Y ^ Z a smooth map. Suppose X is a 
compact Kuranishi space, f : X ^ Y is strongly smooth, and G is gauge- 
fixing data for {X,f). Then as in [12, §3.7], we can define gauge-fixing 
data h^:{G) for {X,ho f). It satisfies {g o h)^:{G) = (?*(/i*(G)). 
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In order to define a working homology theory, perhaps the most important 
property is Theorem 13. iT b). In [12, §4.9] we show that if we define naive Ku- 
ranishi (co)homology KH'^'^, KH*^{Y; R) as in Wd.'2\ and tj4.2l but omitting all 
(co-)gauge-fixing data, then KH^'^Iy; R) = = KH*^{Y- R) for all orbifolds 
Y and Q-algebras R. For compact Y, we do this by constructing an explicit 
cochain whose boundary is the identity cocycle [F, idy] in KC^^{Y\R). This 
explicit cochain involves a cocycle \X, f] whose automorphism group Aut(X, /) 
is infinite. Including (co-) gauge- fixing data prevents this from happening, as it 
ensures that all automorphism groups Aut(X, /, G) are finite. 

3.2 Kuranishi homology 

We can now define the Kuranishi homology of an orbifold, [12, §4.2]. 

Definition 3.2. Let Y be an orbifold. Consider triples {X,f,G), where X 
is a compact, oriented Kuranishi space, f : X ^ Y is strongly smooth, and 
G is gauge-fixing data for [X,f). Write [X, /, G] for the isomorphism class 
of (X, /, G) under isomorphisms (a, b) : {X, f, G) {X, f, G), where a must 
identify the orientations oi X,X, and b lifts a to the Kuranishi neighbourhoods 

in g,g. 

Let i? be a Q-algebra, for instance Q,IR. or C. For each fc e Z, define 
KCk{Y; R) to be the i?-module of finite i?-linear combinations of isomorphism 
classes [X, f, G] for which vdimX = k, with the relations: 

(i) Let [X, f, G] be an isomorphism class, and write —X for X with the 
opposite orientation. Then in KCk{Y\R) we have 

[XJ,G] + [-X,f,G]=Q. 

(ii) Let [X, /, G] be an isomorphism class. Suppose that X may be writ- 
ten as a disjoint union X = U X^ of compact, oriented Kuranishi 
spaces, and that for each Kuranishi neighbourhood . . . , for z S J 
in G we may write — V^\l VI for open and closed subsets V±. of 
y, such that lm-0*|yi C X^ and Im^/i^lyi C Then we may define 
gauge-fixing data G\x± for {X±, f\x±), with Kuranishi neighbourhoods 
{Vi,E'\y,^,s%^,ip'\y^) for i e / with Vi ^ 0. In KCk{Y-R) we have 

[X,f,G] = [X+J\x^,G\x^] + [X^J\x_,G\x^. 

(iii) Let [X, f, G] be an isomorphism class, and suppose F is a finite group 
acting on (X, /, G) by orientation-preserving automorphisms. Then X = 
X/T is a compact, oriented Kuranishi space, with a projection tt : X ^ X. 
As in Theorem 13. ir d. f,G push down to a strong submersion 7r*(/) = 
f : X ^ Y and gauge-fixing data 7r*(G) = G for {X, f). Then 

[X/F,7r,(/),7r4G)] =^[X,/,G] 
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in KCk{Y; R). Elements of KCkiY; R) will be called Kuranishi chains. 
Define the boundary operator d : KCk(Y] R) — ^ KCk-i{Y] R) by 

^ • EaeA Pa[Xa-, f G a] I > Y^aeA Pa[dXa, f a\dX^, G a\dXa\-, 

where A is a finite indexing set and pa R for a E A. This is a morphism of 
i?-modules. Clearly, d takes each relation (i)-(iii) in KCk{Y; R) to the corre- 
sponding relation in KCk-i{Y; R), and so d is well-defined. 

Recall from i )2.1l and i j2.4l that if X is an oriented Kuranishi space then there 
is a natural orientation-reversing strong diffeomorphisni cr : d^X d'^X, with 
(T^ = idg2x- If [X,f,G] is an isomorphism class then this cr extends to an 
isomorphism (cr,T) of {d'^X, f\Q2x,G\Q2x)- So part (i) in KCk-2{Y; R) yields 

[d^X,f\92x,G\92x] + [d^X,f\g2x,G\o2x] = mKCk-2{Y;R). (17) 

As i? is a Q-algebra we may multiply ([TT]) by i to get [d^X, f\d^x,G\g2x] = 0. 
Therefore 9 o 3 = as a map KCkiY; R) KCk^2{Y; R). 

Define the Kuranishi homology group KHk{Y: R) of Y for k E Z, to he 

,Y, ^ Kev{d : KCk{Y-R) ^ KCk-i{Y-R)) 
'^^ ' ^ lTn{d : KCk+i{Y-R) ^ KCk(Y;R)) ' 

Let y, Z be orbifolds, and h -.Y ^ Z a. smooth map. Define the pushforward 
: KCk{Y- R) KCk{Z- R) for fc e Z by 

■ lla€APa[Xa-,fa,Ga] ' > J2aeA Pai^a, h O f ^, h^{Ga)] , 

with h^,{Ga) as in Theorem 13. If f). These take relations (i)-(iii) in KCk{Y; R) 
to (i)-(iii) in KCk{Z; R), and so are well-defined. They satisfy h^, o d — d o h^,, 
so they induce morphisms of homology groups ft.* : KHk{Y; R) KHk{Z; R). 
Pushforward is functorial, that is, (g o h)^ — oft*, on chains and homology. 



3.3 Singular homology and Kuranishi homology 

Let Y be an orbifold, and R a Q-algebra. Then we can define the singular 
homology groups Hl}{Y;R), as in Bredon [4, §IV]. Write Cf{Y;R) for the R- 
module spanned by smooth singular k-simplices in Y , which arc smooth maps 
a : Afe — > Y, where Aj. is the fc-simplex 

Afe = {{xo,...,Xk) eK'''+^ : > 0, Xo + ... + Xk = l}. 
As in [4, §IV.l], the boundary operator d : CfiY; R) Cf_^{Y: R) is given by 

where : Ak-i A^, : (xq, . . . ,Xk-i) i-^ (xq, . . . , x^-i, 0, a;^-, . . . , a:fc_i) 
for j = 0, . . . , fc. Then = 0, and i/f (F; R) is the homology of {Cf{Y; R), d). 
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Define i?-module morphisms Cl'{Y; R) KCk{Y; R) for fc ^ by 




a 



where Ga^ is an explicit choice of gauge-fixing data for {Ak,(7a) given in [12, 
§4.3]. These satisfy d o n^'' = n^'^ o d, and so induce _R- module morphisms 



Here is [12, Cor. 4.10], one of the main results of [12]. 

Theorem 3.3. Let Y be an orbifold and R a Q-algebra. Then 11^^ in ^ 
is an isomorphism, so that KHk{Y; R) = with KHk{Y; R) — {0} 

when fc < 0. 

The proof of Theorem l3.3l in [12, App. A-C] is very long and complex, taking 
up a third of [12] . The problem is to construct an inverse for n^*^ in (|18p . This is 
related to Fukaya and Ono's construction of virtual cycles for compact, oriented 
Kuranishi spaces without boundary in [11, §6], and uses some of the same ideas. 
But dealing with boundaries and corners of the Kuranishi spaces in Kuranishi 
chains, and the relations in the Kuranishi chain groups KC^{Y; R), increases 
the complexity by an order of magnitude. 

The basic idea of the proof is to take a class a G KHk(Y; R) and represent 
it by cycles J^a^A Pa[Xa, fa: Ga] with better and better properties, until even- 
tually we represent it by a cycle in the image of E^'' : Cf{Y; R) KCk{Y; R), 
so showing that (fT5)) is surjective. Here (somewhat oversimplified) are the 
main steps: firstly, by 'cutting' the Xa into small pieces Xac for c G Ca, we 
show we can represent a by a cycle J2aeAJ2ceCa P'^^^'^'^' fac^^ac] such that 
{Xac, fa,c: Gac) is the quotient of a triple (Xac, /qc, Gac) by a finite group Vac, 
where Xac has trivial stabilizers. 

Thus by Definition 13. 2r ui) we can represent a by a cycle ^ Pa\^ac\~^ [Xac, 
f aci Gac\ involving only Kuranishi spaces Xac with trivial stabilizers. Such 
spaces can be deformed to manifolds with g-corners (by single- valued perturba- 
tions, not multisections). So secondly, we show we can represent a by a cycle 
Y.a,c Pa\Yac\~^[Xac, fac, Gac] in which the Xac are manifolds, and fac ■ Xac Y 
are smooth maps. Then thirdly, we triangulate the Xac by simplices A^, and so 
prove that we can represent a by a cycle in the image of H^*^. In this third step 
it is vital to work with manifolds with g-corners, as in i i2.1[ not just manifolds 
with corners, since otherwise we would not be able to construct the homology 
between J2a,cPa\^ac\^^i^(^c, facGac] and the singular cycle. 

In the proof we use the fact that i? is a Q- algebra in two different ways. When 
we replace [Xac, fac^Gac] by \Tac\~^[Xac, facjGac] we must have^lFacj"^ G R, 
so we need Q C i?. And when we deform Xac to manifolds Xac, to make 
J2a cPa\^'>-c\~^[-^a.c, fac,Gac] a cyclc, wc should cnsurc our perturbations are 
preserved by the automorphism groups Aut (Xac, /ao Gac)- In fact this may not 
be possible, if Aut(Xac, /ao ^ac) has fixed points. So instead, we choose one 
perturbation Xac, and then take the average of the images of this perturbation 



U^'^-.HtiY-^R) 



KHk{Y;R). 



(18) 
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under Aut{Xac, fac^Gac)- This requires us to divide by | A\it{Xac, fac>Gac)\, 
so again we need Q Q R. Also, for this step it is necessary that automorphism 
groups Aut{X,f,G) should be finite, as in Theorem I3.ir b'). and this was the 
reason for introducing gauge-fixing data. 

The theorem means that in many problems, particularly areas of in Sym- 
plectic Geometry involving moduli spaces of J-holomorphic curves, we can use 
Kuranishi chains and homology instead of singular chains and homology, which 
can simplify proofs considerably, and also improve results. 

4 Kuranishi cohomology 

We now discuss the Poincare dual theory of Kuranishi cohomology KH*(Y] R), 
which is isomorphic to compactly-supported cohomology H*^{Y; R). It is defined 
using a complex of Kuranishi cochains KC*{Y] R) spanned by isomorphism 
classes [X,f,C] of triples {X,f,C), where X is a compact Kuranishi space, 
/ : X — s- y is a cooriented strong submersion, and C is co- gauge- fixing data. 

As is usual for cohomology, Kuranishi cohomology has an associative, super- 
commutative cup product U : KH''{Y;R) x KH\Y-R) KH^+\Y-R), and 
there is also a cap product n : KHk{Y; R)xKH\Y; R) —f KHk-i{Y; R) relating 
Kuranishi homology and Kuranishi (co)homology, which makes KH^iY; R) into 
a module over KH*{Y; R). More unusually, we can define U, n naturally on Ku- 
ranishi (co)chains, and U is associative and supercommutative on KC* {Y; R), 
and n makes i^C»(F; R) into a module over KC*{Y; R). 

4.1 Co-gauge-fixing data 

Let X be a compact Kuranishi space, Y an orbifold, and f : X ^ Y a strong 
submersion. Kuranishi cohomology is based on the idea of co-gauge-fixing data 
C for {X, /). This is very similar to gauge-fixing data G in §3.11 and consists 
of a finite cover of X by Kuranishi neighbourhoods (F', i?*, s% -0*) for i G I, 
submersions f^-.V^^Y representing / and maps C* : E'* ^ P„ C P for some 
n ^ 0, and partitions of unity rji : X ^ [0, 1] and rjf : — > [0, 1]. 

Here are the important properties of co-gauge-fixing data, which are proved 
in [12, §3]. Part (g) makes cup products work on Kuranishi cochains, and part 
(h) makes cap products work. It was difficult to find a definition of (co-)gauge- 
fixing data for which properties (a)-(h) all hold at once; a large part of the 
complexity of [12, §3] is due to the author's determination to ensure that cup 
products should be associative and supercommutative at the cochain level. This 
is not essential for a well-behaved (co)homology theory, but is extremely useful 
in the apphcations [2,13,14]. 

Theorem 4.1. Consider pairs {X,f), where X is a compact Kuranishi space, 
Y an orbifold, and f : X ^ Y a strong submersion. In [12, §3.1] we define 
CO- gauge- fixing data C for such pairs {X,f). R satisfies the analogues of 
Theorem I3.1f a])-fe), and also: 
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(f) Let Y, Z be orbifolds, and h :Y ^ Z a smooth, proper map. Suppose X 
is a compact Kuranishi space, f : X ^ Z is a strong submersion, and 
C is CO- gauge- fixing data for (X,f). Then the fibre product Y y~h.z.f 
X is a compact Kuranishi space, and Try :Yy.zX^Yisa strong 
submersion. As in [12, §3.7], we can define co-gauge-fixing data h*{C) 
for {Y xz X,tty). It satisfies {goh)*{C) = h*{g*{C)). 

(g) Let Xi , X2 , X3 be compact Kuranishi spaces, Y an orbifold, f ^ : Xi ^ 
Y be strong submersions for i = 1,2,3, and Ci be co- gauge- fixing data 
for {Xi,f^) for i = 1,2,3. Then [12, §3.8] defines co-gauge-fixing data 
Ci xy C2 for {Xi X f^,YJ2 from Ci, C2. 

This construction is symmetric, in that it yields isomorphic co-gauge- 
fixing data for (Xi Xy X2,7ry) and {X2 Xy Xi,7ry) under the natural 
isomorphism Xi Xy X2 = X2 xy Xi. It is also associative, in that it 
yields isomorphic co- gauge- fixing data for ((Xi Xy X2) Xy X3, Try) and 

(Xl Xy(X2 XyX3),Try) Undcr (Xi XyX2) XyXa^Xi Xy(X2 XyXa). 

These properties also have straightforward generalizations to multiple fibre 
products involving more than one orbifold Y, such as ([9]) and (I10|) . 

(h) Let Xi,X2 be compact Kuranishi spaces, Y an orbifold, fi : Xi Y be 
strongly smooth, f2 ■ X2 Y be a strong submersion, Gi be gauge-fixing 
data for {Xi,fi), and C2 be co- gauge- fixing data for {X2,f2)- Then [12, 
§3.8] defines gauge-fixing data Gi Xy C2 for (Xi Xf^yj^ X2,i^y) from 
Gi, C2. If also /g : X3 Y is a strong submersion and is co-gauge- 
fixing data for (X^^f^) then the natural isomorphism (XiXyX2)xyX3 = 
XiXy{X2XyX3) identifies (GiXyC2)xyC3 and Gi Xy (C2 XyC3). 

4.2 Kuranishi cohomology 

Here is our definition of Kuranishi cohomology [12, §4.4]. 

Definition 4.2. Let Y be an orbifold without boundary. Consider triples 
{X,f,C), where X is a compact Kuranishi space, f : X ^ Y is a strong 
submersion with (X, f) cooriented, as in ^2.7\ and C is co- gauge- fixing data 
for {X,f), as in ^AA\ Write [X,f,C] for the isomorphism class of {X,f,C) 
under isomorphisms (a, b) : {X, f,C)^ {X, f,C), where a must identify the 
coorientations of {X, /), {X, /), and b lifts a to the Kuranishi neighbourhoods 

{V\...,r),{V\...,r) in C,C. 

Let i? be a Q-algebra. For k G Z, define KC''{Y; R) to be the i?-module of fi- 
nite i?-linear combinations of isomorphism classes [X, /, C] for which vdimX = 
dimF — A:, with the analogues of relations Definition l3.2r i)-(iii). replacing gauge- 
fixing data G by co-gauge-fixing data C. Elements of KC^{Y\K) are called 
Kuranishi cochains. Define d : KC^{Y-R) KC''+^{Y:R) by 

d : J2aeAPa[Xa,fa^Ca] ' > J^aeA Pa[9XaJ JoX^ , C aldxj- (19) 
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As in Definition [22] we have dod = 0. Define the Kuranishi cohomology groups 
KH^{Y- R) of r for fc e Z to be 



KH''{Y;R) 



Ker(d : KC''{Y; R) KC''+^{Y; R)) 
lm{d:KC''-^{Y;R)^KC''{Y-R)) 



Let Y, Z be orbifolds without boundary, and h : Y ^ Z he a smooth, proper 
map. Define the pullback h* : KC^{Z- R) KC''(Y; R) by 

h* ■■j:aeAPa[Xa-Ja,Ca]^EaeAPa[Y X^^ZJ^X,,7VY,h*{Ca)], (20) 

where h*{Ca) is as in Theorem 14. If f), and the coorientation for [Xa, fa) pulls 
back to a natural coorientation for {Y Xz XajTry)- These h* : KC^{Z]R) — ^ 
KC^{Y]R) satisfy /i* o d = d o h* , so they induce morphisms of cohomology 
groups h* : KH^{Z;R) KH^{Y]R). Fullbacks are functorial, that is, [g o 
h)* = h* o g* , on both cochains and cohomology. 

Here for simplicity we restrict to orbifolds Y without boundary. When dY ^ 
0, the definition of KH*{Y;R) is more complicated [12, §4.5]: ii f : X ^ Y 
is a strong submersion then we must split dX = d^X H d^X , where roughly 
speaking d^X is the component of dX lying over Y° , and d^X the component 
of dX lying over dY . Then /Ig/^ ^'^ ^ strong submersion : d^X Y, and 
flgfx — 1-° f , where /_ : d^X dY is a strong submersion, and t : dY 
Y is the natural immersion. In we must replace [dXa, faldXci^aldXc] 



In [12, §4.7] we define cup and cap products. 
Definition 4.3. Let Y be an orbifold without boundary, and R a Q-algebra. 



Define the cup product U : KC''{Y; R) x KC^{Y: R) KC^+\Y- R) by 



extended i?-bilincarly. Here Try : X x f.yj X Y is. the projection from the 
fibre product, which is a strong submersion as both /, / are, and C Xy C is 
as in Theorem Unig)- Then U takes relations (i)-(iii) in both KC^{Y\R) and 
KC\Y; R) to the same relations in KC^+\Y\ R). Thus U is well-defined. 

Theoremimg) and (IT31)-([ini) imply that for 7 e KC^{Y; R), 5 S KC\Y; R) 
and e £ i^C™(y; R) we have 



d(7 U (5) = (d7) U (5 + (-l)S U (d(5) and (7 U 5) U e = 7 U (J U e). (22) 

Therefore in the usual way U induces an associative, supercomniutative product 
U : KH^{Y-R) x KH\Y-R) KH^+\Y-R) given for 7 e KC^{Y-R) and 
6 e KC\Y] R) with d7 = d(5 = by 



hy[di-XaJa^+.Ca\gf.x]. 



[XJ,C]\J[xJ,C] = [Xx^yj 



X,7ry,C Xy C], 



7U(5 = (-1)'^MU7, 



(21) 



(7 + Imdfc_i) U ((5 + Imd;_i) = (7 U 5) + Imdfe+,_i. 
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Now suppose Y is compact. Then idy : Y ^ Y is a (strong) submersion, 
with a trivial coorientation giving the positive sign to the zero vector bundle 
over Y. One can define natural co-gauge-fixing data Cy for (y, idy) such that 
[Y,idY,CY] e KC"{Y;R), with d[Y,idy,Cy] = 0, and for aU [X,f,C] € 
KCHy\R) we have 

[Y, idy, Cy] U [X, /, C] = [X, f, C] U [Y, idy, Cy] = [X, /, C]. 

Thus [y, idy,Cy] is the identity for U, at the cochain level. Passing to coho- 
mology, [[r,idy,Cy]] € KH°{Y;R) is the identity for U in KH*{Y;R). We 
call [[y, idy,Cy]] the fundamental class of y. 

Define the cap product f] : KCk{Y-R) x KC\Y-R) -> KCk-i{Y-R) by 

[X, f, G] n [X, /, C]=[XX ^yj X,7Vy,GXyC], 

extended i?-bihnearly, with C Xy C as in Theorem 14. If h). For 7 e KCk{Y; R) 
and (5, e e KC*{Y] R), the analogue of (HH), using Theorem gT^h) and is 

9(7 n (5) = (97) n (5 + (-1)^™^-'=^ u (d(5), (7 n ^) n e = 7 n (,5 u e). 

If also y is compact then 71"! [y, idy, Cy] = 7. Thus fl induces a cap product n : 
KHk{Y;R) X KH\Y;R) KHk-i(Y;R). These products n make Kuranishi 
chains and homology into modules over Kuranishi cochains and cohomology. 

Let y, Z be orbifolds without boundary, and h : Y ^ Z a, smooth, proper 
map. Then [12, Prop. 3.33] implies that puUbacks h* and pushforwards /i* are 
compatible with U, fl on (co)chains, in the sense that if a S KCi,{Y;R) and 
/3,7 e KC*{Z-R) then 

/i*(^U7) = U/i*(7) and K{a CMi* {(3)) ^ K{a) r\ (3 . (23) 

Since U, n, /i*, /i* are compatible with d, 9, passing to (co)homology shows that 
(I23D also holds for a e KH^{Y; R) and /3, 7 G KH*{Z; R). If 2' is compact then 
y is, with /i* ([Z, idz, Cz]) = [y, idy, Cy] in irC°(y; i?) and h* {[[Z, id z,C z]]) 
= [[y,idy,Cy]] in Xi/0(y;i?). 

To summarize: Kuranishi cochains KC*{Y; R) form a supercommutative, as- 
sociative, differential graded R-algebra, and Kuranishi cohomology KH*{Y; R) 
is a supercommutative, associative, graded R-algebra. These algebras are with 
identity if Y is compact without boundary, and without identity otherwise. 
PuUbacks h* induce algebra morphisms on both cochains and cohomology. Ku- 
ranishi chains KC^,{Y; R) are a graded module over KC*{Y: R), and Kuranishi 
homology KH^,{Y; R) is a graded module over KH* (Y; R). 

4.3 Poincare duality, and isomorphism with H*g{Y;R) 

Suppose y is an oriented manifold, of dimension n, without boundary, and not 
necessarily compact, and i? is a commutative ring. Then as in Bredon [4, §VI.9] 
there are Poincare duality isomorphisms 

Pd : H^, iY;R)^ Ht,{Y; R) (24) 
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between compactly-supported cohomology, and singular homology. If Y is also 
compact then it has a fundamental class [Y] G Hn (Y; R) , and we can write 
the Poincare duality map Pd of (IM)) in terms of the cap product by Pd(a) = 
[Y] n a for a e Hl:^{Y;R). Satake [18, Th. 3] showed that Poincare duality 
isomorphisms (j24[) exist when Y is an oriented orbifold without boundary and 
i? is a $J- algebra. 

Let Y be an orbifold of dimension n without boundary, and R a Q-algebra. 
We wish to construct an isomorphism Uf^^^ : H*^{Y;R) KH*{Y;R) from 
compactly-supported cohomology to Kuranishi cohomology. In the case in which 
Y is oriented we will define 11^'^'^ to be the composition 

H^Y; R) K'-kiY; R) KHn-kiY; R) KH^Y; R), (25) 

where the isomorphism Pd is as in ([M)) . and 11^'^ is as in and is an iso- 
morphism by Theorem 13. 3[ and is an isomorphism between Kuranishi 
(co)homology, with inverse ng^^ : KH^{Y; R) KHn-k{Y\ R). 

These nj^^j^ , n|^;^'^ are defined in [12, Def. 4.14]. At the (co)chain level, we 
define nl\ : KC\Y;R) ^ KCn^k{Y;R) by U^^^^ : [X,f,C] ^ [X,f,Gc], 
where Gc is gauge-fixing data for {X, f) constructed from the co-gauge-fixing 
data C is a functorial way, and as / : X F is cooriented and Y is oriented, 
we obtain an orientation for X as in H2.7[ Then d o U^^^^i — ^Kch ° they 
induce morphisms Ilj^^j^ : KH''{Y;R) — > KHn-k{Y; R) in (co)homology. 

For U^'i^ the story IS more complicated. To define 11^'^ : KCn-k{Y;R) 
KC^iY]R) we cannot simply map [X, /,G] ^ [X,f,Cc\ for some co-gauge- 
fixing data Cg constructed from G, since / need only be strongly smooth for 
[X, /, G] e KCn-kiY] R), but / must be a strong submersion for [X, /, Ca] & 
KC\Y-R). Instead, we define n^^^^ : KCn-k{Y;R) KC^{Y;R) by n^'^ : 
[X,f,G] t-^ [X^,/^,Cq]. Here X^ is X equipped with an alternative Ku- 
ranishi structure, which roughly speaking adds copies of f*{TY) to both the 
tangent bundle and obstruction bundle of X. Also : X^ ^ F is a lift of 
/ to X^, which is a strong submersion, and is co-gauge- fixing data for 
{X^ , f^) constructed in a functorial way from G. Then don|^jj'' = n|^^'^o5, so 
they induce morphisms U^i^ : KHn^kiY]R) -> KH^{Y]R) on (co)homology. 

In [12, Th. 4.15] we show that these morphisms nj^^j^, nj^Jj*^ on Kuranishi 
(co)homology are inverse. Thus the third morphism n|^J^^ in (|25|) is an isomor- 
phism, so the composition 11^'^^ : H^^{Y\R) KH^{Y]R) is an isomorphism. 
Changing the orientation of Y changes the sign of Pd, n^Jj*^, and so does not 
change II^'^^. If Y is not orientable we can make a similar argument using 
homology groups H^_^.{Y\ O 'X{±i} R), KHn-k{Y; O 'X-{±i} R) twisted by the 
principal Z2-bundle O of orientations on Y . Thus we prove [12, Cor. 4.17]: 

Theorem 4.4. Let Y he an orbifold without boundary, and R a Q-algebra. 
Then there are natural isomorphisms II^'^^ : H^^{Y;R) KH^{Y\R) for k ^ 
0, and KH^(Y- R) = when k <0. 

In [12, §4.5] the theorem is extended to Y with boundary, going via rela- 
tive homology Hf{Y,dY;R),KH^{Y,dY-R). In [12, Th. 4.34] we show that 
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the isomorphisms Uf,"^ : H*^{Y;R) KH*{Y;R) and U^^ : Hf{Y;R) ^ 
KH^iY] R) in Theorems 13.31 and 14.41 identify the cup and cap products U, D on 
Hl^{Y]R),Hi\Y-R) with those on KH*{Y; R), KH^(Y; R). 

5 Kuranishi bordism and cobordism 

We now summarize parts of [12, §5] on Kuranishi (co)bordism. They are based 
on the classical bordism theory introduced by Atiyah [3]. In fact [12, §5] studies 
five different kinds of Kuranishi (co)bordism, but we discuss only one. 

5.1 Classical bordism and cobordism groups 

Bordism groups were introduced by Atiyah [3], and Connor [6, §1] gives a good 
introduction. Our definition is not standard, but fits in with i i5.2l 

Definition 5.1. Let Y be an orbifold without boundary. Consider pairs {X, /), 
where X is a compact, oriented manifold without boundary or corners, not nec- 
essarily connected, and f : X —>■ Y is a smooth map. An isomorphism be- 
tween two such pairs (^X, /), {X, /) is an orientation-preserving diffeomorphism 
i : X ^ X with f = f o i. Write [X, f] for the isomorphism class of {X, /). 

Let i? be a commutative ring. For each k ^ 0, define the fc*'' bordism 
group Bk{Y;R) of Y with coefhcients in R to be the i?-module of finite R- 
linear combinations of isomorphism classes [-'f , /] for which dimX — k, with 
the relations: 

(i) [X, /] + [X', /'] = [XnX',fn /'] for aU classes [X, /], [X' , /']; and 

(ii) Suppose Z is a compact, oriented (fc + l)-manifold with boundary but 
without (g-)corners, and g : Z ^Y in smooth. Then [dZ,g\Qz\ — 0. 

Here is how this definition relates to those in [3,6]. When F is a manifold and 
R = Z, our Bk{Y; Z) is equivalent to Connor's differential bordism group Dk{Y), 
[6, §L9]. Atiyah [3, §2] and Connor [6, §L4] also define bordism groups MSOk{Y) 
as for i?fc(y;Z) above, but only requiring f : X ^ Y to he continuous, not 
smooth. Connor [6, Th. 1.9.1] shows that when F is a manifold, the natural 
projection Dk{Y) MSOk{Y) is an isomorphism. 

As in [6, §L5], bordism is a generalized homology theory, that is, it satisfies 
all the Eilenberg-Steenrod axioms for a homology theory except the dimension 
axiom. The bordism groups of a point A/50»(pt) are known, [6, §L2]. This gives 
some information on bordism groups of general spaces Y: for any generalized 
homology theory GiJ, (Y) , there is a spectral sequence from the singular homol- 
ogy (F; GiJ, (pt)) of y with coefficients in Gi?, (pt) converging to GiJ,(F), 
so that GH^S" ) ^ Hf{S" ; GH^pt)), for instance. 

Atiyah [3] and Connor [6, §13] also define cobordism groups MSO^{Y) for 
fc G Z, which are a generalized cohomology theory dual to bordism M SOk(Y). 
There is a natural product U on MSO*{Y), making it into a supercommutative 
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ring. If y is a compact, oriented n-manifold without boundary then [3, Th. 3.6], 
[6, Th. 13.4] there are canonical Poincare duality isomorphisms 

MSO''{Y) = AISOn^kiY) forfceZ. (26) 

The definition of MSO*{Y) uses homotopy theory, direct limits of fc-fold sus- 
pensions, and classifying spaces. There does not seem to be a satisfactory 
differential-geometric definition of cobordism groups parallel to Definition 15. II 

5.2 Kuranishi bordism and cobordism groups 

Motivated by i j5.ll following [12, §5.2] we define: 

Definition 5.2. Let Y be an orbifold. Consider pairs {X,f), where X is a 
compact, oriented Kuranishi space without boundary, and / : X — > y is strongly 
smooth. An isomorphism between two pairs {X,f)^{X,f) is an orientation- 
preserving strong diffeomorphism i : X X with f — f o i. Write [X, f] for 
the isomorphism class of {X, f). 

Let i? be a commutative ring. For each fc G Z, define the fc*'' Kuranishi 
bordism group KBk(Y\R) of Y with coefficients in R to be the i?- module of 
finite i?- linear combinations of isomorphism classes [X, /] for which vdim X — k, 
with the relations: 

(i) [X, f] + [X\ f] ^[XUX'JU f] for all classes [X, /], [X', /']; and 

(ii) Suppose is a compact, oriented Kuranishi space with boundary but 
without (g-)corners, with vdimVF = A: -t- 1, and e : W ^ Y is strongly 
smooth. Then ejavy] = 0. 

Elements of KBk{Y; R) will be called Kuranishi bordism classes. 

Let h : Y ~> Z he a smooth map of orbifolds. Define the pushforward 
K : KBk{Y- R) ^ KBk{Z- R) by K ■ EaeA Pa[Xa, /J ^ EaeA Pa[Xa, hofj. 
This takes relations (i),(u) in KBk{Y; R) to (i),(ii) in KBk{Z\ R), and so is well- 
defined. Pushforward is functorial, that is, (g o h)^ — g<, o h<,. 

Now Kuranishi bordism KB^,{Y; R) is like Kuranishi homology KH^,(Y; R) 
in Wd.2[ but using Kuranishi spaces X without boundary, and omitting gauge- 
fixing data G. Thus it seems natural to define Kuranishi cobordism KB*{Y; R) 
by modifying the definition of Kuranishi cohomology KH*{Y; R) in ii|4.2l in the 
same way, following [12, §5.4-§5.5]. 

Definition 5.3. Let Y be an orbifold without boundary. Consider pairs {X, f), 
where X is a compact Kuranishi space without boundary, and f : X ^ Y is a 
cooriented strong submersion. An isomorphism between two pairs (X, /), {X, f) 
is a coorientation- preserving strong diffeomorphism i : X ^ X with / ~ f ° i- 
Write [X, f] for the isomorphism class of {X, f) . 

Let i? be a commutative ring. For each k € li, define the fc*'' Kuranishi 
cobordism group KB^{Y; R) of Y with coefficients in R to be the i?-module of 
finite i?-linear combinations of isomorphism classes [X, f] for which vdim X = 
diml" — k, with the relations: 
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(i) [X, /] + [X', /'] = [X n X', / n /'] for all classes [X, /], [X', /']; and 

(ii) Suppose is a compact Kuranishi space with boundary but without (g-) 
corners, with vdimiy = dimy — fc + 1, and e : W ^ Y is a. cooriented 
strong submersion. Then e\Qw ■ dW y is a cooriented strong submer- 
sion, and we impose the relation [dW, e\gw] = in KB'^{Y-, R). 

Elements of KB^{Y]R) will be called Kuranishi cohordism classes. 

Define the cup product U : KB^{Y;R) x KB\Y]R) ~* KB^+^(Y\R) by 

Y,Pa[XaJa]\^\Y,ab[Xi„h]\= Pa^b[X a X ^ ^yj^ X^, TVy] , (27) 



beB 



aeA, beB 



for A,B finite and Pa,crb G R- The coorientations on {Xa,fa) and (Xf,,/^) 
induce a coorientation on (X^ Xy Xh,TTY) as in tj2.7l Similarly, define the cap 
product n : KBk(Y;R) x KB\Y-R) KBk-iiY;R) by the same formula 
(|27|) . where now [Xa,/^] G KBk{Y; R) so that is strongly smooth and X^ 
oriented, and the orientation on X^ and coorientation for fj^ combine to give 
an orientation for Xq Xy Xf,. 

One can show that U, n are well-defined, that U is associative and super- 
commutative, and that (7 n (5) n e = 7 fl (5 U e) for 7 £ KB^(Y]R) and 
(5, e G KB*{Y;R). If Y is also compact then using the trivial coorientation 
for idy : y ^ y, we have [y, idy] e KB^{Y\R), which is the identity for U 
and n. Thus, KB*{Y;R) is a graded, supercommutative, associative R-algebra, 
with identity if Y is compact, and without identity otherwise, and H makes 
KB^Y; R) into a module over KB*{Y; R). 

Let y, Z be orbifolds without boundary, and h : Y ^ Z a, smooth, proper 
map. Motivated by define the pullback h* : KB''{Z;R) KB^{Y;R) 

by : J2aeAP4^a, fa] J2aeA P^i^ ^h,z,f^ Xa,7ry]. This takes relations 
(i),(n) in KB^{Z-R) to (i),(ii) in KB^{Y-R), and so is well-defined. Fullbacks 
are functorial, [goh]* — h* og* . The cup and cap products are compatible with 
pullbacks and pushforwards, as in ([23| . 



5.3 Morphisms to and from Kuranishi (co)bordism 

In [12, §5.3-§5.4] we define morphisms between these groups. 

Definition 5.4. Let Y be an orbifold, and R a commutative ring. Define mor- 
phisms : BkiY;R) ^ KBkiY;R) for fc ^ by H^b : ZaeA Pal^a, fa] ^ 
^^g^ Pq[Xq, /a], interpreting the manifold Xa as a Kuranishi space, and the 
smooth map fa : Xa ^ y as strongly smooth. 

Define morphisms U^]^ : KBk{Y;R) KHkiY;R(giz Q) for fc e Z by 

: EaeA Pa [^a, fa] ^ [EaSA ^iPa)[Xa, fa-: ^a]] , whcrC Ga is SOmC choice 

of gauge-fixing data for (Xa, /q), which exists by Theorem l3.1f a). and ir : R ^ 
R®z Q is the natural morphism. Using Theorem lS.lT e) over [0, 1] x Xa one can 
show that n|^j5 is independent of the choice of Ga, and is well-defined. 
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Similarly, define morphisms H^^h ; KB''{Y;R) K {Y ; R ®i for 
fc e Z by : Y.aeAPa[XaJa] ^ [LaeA<Pa)[XaJ a,C a]], where is 
some choice of co-gauge- fixing data for (Xa, f^). 

These n|^cb,n|^b take cup and cap products U,n on K B* , KB^{Y; R) to 
U, n on KH* ,KH^{Y\R (g)z Q), and if Y is compact, they take the identity 
% \Ay] e KB°{Y- R) to the identity [[F, idy , Cy]] e KH°{Y; i? ®z Q)- 

Consider the sequence of morphisms 

jjKb jjKh (n'^'')"^ 

Bk{Y; R) KBk{Y; R) KHk{Y; R ®z Q) Hf{Y; R ®z Q), 

where (n^'^)~^ exists by Theorem 13.31 The composition is the natural map 
Bk[Y- R) ^ Hf{Y- R ®i Q) taking [X, /] ^ Thus we find: 

Corollary 5.5. Let Y he an orbifold, and R a commutative ring. Then KBk{Y; 
R) is at least as large as the image of Bk{Y;R) in H^^{Y] R(E)zQ)- 

We will see in §5.41 that KB^,{Y; R) is actually very large. 

The Poincare duality story for Kuranishi (co)homology in §4.31 has an ana- 
logue for Kuranishi (co)bordism, as in [12, §5.4]. Let Y be an oriented n-orbifold 
without boundary, and R a commutative ring. Define i?-module morphisms 
nKbj^ : KB>^iY;R) ^ KB,,.k{Y;R) for fc G Z by H^b^ : EaeA Pai^a, f a] - 
J2aeAP4^'^^fa\, using the coorientation for from [Xa,fa] e KB^{Y;R) 
and the orientation on Y to determine the orientation on Xa for [Xa^fa] G 
KBn-kiY;R). 

Define : KB„.k{Y;R) ^ by U^^ : EaeAPa[XaJa] ^ 

'^aeA Po-i-^a ^ f^]' where Xj is Xa with an alternative Kuranishi structure as 
in ^4.3[ and f^^ : ^ F is a lift of to X^ , which is a strong submersion. 
Then [12, Th. 5.11] shows that U^l^ and n|^|?^ are inverses, so they are both 
isomorphisms. Using this and ideas in i l5.ll including ([26| . if F is a compact 
manifold we can define a natural morphism Hf^^ : MSO*{Y) KB*{Y;Z), 
so Kuranishi cobordism is a generalization of classical cobordism. 

5.4 How large are Kuranishi (co)bordism groups? 

Theorems 13.31 and 14.41 showed that Kuranishi (co) homology are isomorphic to 
classical (compactly-supported) (co) homology, so they are not new topological 
invariants. In contrast, Kuranishi (co)bordism are not isomorphic to classical 
(co)bordism, they are genuinely new topological invariants, so it is interesting to 
ask what we can say about them. We now summarize the ideas of [12, §5.6-§5.7], 
which show that KB^{Y\ R) and KB*{Y; R) are very large for any orbifold Y 
and commutative ring R with Y ^ $ and R ®i Q 7^ 0. 

One reason for this is that in a class '^aeA PoX^aT f a\ KBk(Y; R) there 
is a lot of information stored in the orbifold strata of Xa for a G A. We define 
these for orbifolds, [12, Def. 5.15]. 

Definition 5.6. Let F be a finite group, and consider (finite-dimensional) real 
representations {W,uj) of F, that is, is a finite-dimensional real vector space 
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and w : r ^ Aut(W) is a group morphism. Call (W, w) a trivial representation 
if a; = idiy, and a nontrivial representation if Fix((x'(r)) — {0}. Then every 
F-representation {W, co) has a unique decomposition W = IV* © W^' as the 
direct sum of a trivial representation (T/F*,Ci;') and a nontrivial representation 
(H^'^Sw"*), where = Fix(w(r)). 

Now let X be an n-orbifold, F be a finite group, and p be an isomor- 
phism class of nontrivial T -representations. Each p G X has a stabilizer group 
Stabx (p) ■ The tangent space TpX is an n-dimensional vector space with a rep- 
resentation Tp of Stabx(p)- Let A : F ^ Stabx(p) be an injective group mor- 
phism, so that A(F) is a subgroup of Stabx(p) isomorphic to F. Hence Tp o A : 
F Aut{TpX) is a F-representation, and we can spht TpX = (TpX)* ® (TpX)"* 
into trivial and nontrivial F-representations, and form the isomorphism class 
[(TpX)"*, (Tp o A)"*] . As a set, define the orbifold stratum X^'P to be 

X^-P = {Stabx(p) ■ {p,\) : p e X, X -.r ^ Stabx(p) is an injective 
group morphism, [(TpX)"*, (t^ o A)"*] 

where Stabx(p) acts on pairs {p, X) by a : (p, X) (p, A°"), where A°" : F ^ 
Stabx(p) is given by A'^(7) = aX{-/)a-^. Define a map l^^p : X^^p X 
by J'^P : Stabx(p) • (p. A) p. Then [f2, Prop. 5.16] shows that X^^p is an 
orbifold of dimension n — dim/?, and l^'P lifts to a proper, finite immersion. 

If X is a Kuranishi space, there is a parallel definition [12, Def. 5.18] of 
orbifold strata X'"''', which we will not give. The most important difference is 
that p is now a virtual nontrivial representation of F, that is, a formal difference 
of nontrivial representations, so that dimp G Z rather than dimp G N. We find 
[12, Prop. 5.19] that X^'P is a Kuranishi space with vdimX'"''' ~ vdimX— dimp, 
equipped with a proper, finite, strongly smooth map l^'P : X'"''' X. 

We would like to define projections W^^p : KBk{Y;R) -> KBk-dimp{Y; R) 
mapping If'"''' : [Xa,/^] — > [X^'P, f^\j^r,p]. But there is a problem: we need 
to define an orientation on X^'P from the orientation on X^, and for general 
T,p this may not be possible. To overcome this we suppose |F| is odd, which 
implies that dim p is even for all p, and there is then a consistent way to define 
orientations on X^'P, and II'"''' is well-defined. 

Let y be a nonempty, connected orbifold. In [12, §5.7], for each finite group 
F with 1F| odd and all isomorphism classes p of virtual nontrivial representations 
of F, we construct a class C^^p G KBdimp{Y; Z), such that U^^ o II^'P{C^^p) is 
nonzero in i^ffo(>";Q) ^ H^'iY;Q) ^ Q, and n'^''^(C^''') =0 if either |A| ^ |F| 
and A ^ F, or if A = F and p ^ a. It follows that taken over all isomorphism 
classes of pairs F, p, the classes C^'P G KB^,{Y;'Z) are linearly independent 
over Z. Extending to an arbitrary commutative ring R, and using the Poincare 
duality ideas of ^5.3[ we deduce: 

Theorem 5.7. Let Y be a nonempty orbifold, and R a commutative ring with 
R®z Q 7^ 0. Then KB2k{Y]R) is infinitely generated over R for all fc G Z. 
// also Y is oriented of dimension n then K B"^^'' (Y ; R) is infinitely generated 
over R for all fc G Z. 
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Theorem 15.71 supports the idea that Kuranishi bordism, (or better, almost 
complex Kuranishi bordism, as in [12, Ch. 5]) may be a useful tool for studying 
(closed) Gromov-Witten invariants. In [12, §6.2] we define new Gromov-Witten 
type invariants [Mg^miM, J, (3),'[\-eVi] in Kuranishi bordism KB^{M"^;Z). 
Theorem 15 . 71 indicates that KB^{M™; Z) is very large, so that these new invari- 
ants contain a lot of information, and that much of this information has to do 
with the orbifold strata of the moduli spaces Adg^miM, J,(3). 

Also, these new invariants are defined in groups KB^,{M"'';Z) over Z, not 
Q. When we project to Kuranishi homology or singular homology to get con- 
ventional Gromov-Witten invariants, we must work in homology over Q. The 
reason we cannot work over Z is because of rational contributions from the orb- 
ifold strata of Mg^miM, J, f3). Kuranishi bordism looks like a good framework 
for describing these contributions, and so for understanding the integrality prop- 
erties of Gromov-Witten invariants, such as the Gopakumar-Vafa Integrality 
Conjecture for Gromov-Witten invariants of Calabi-Yau 3-folds. This is dis- 
cussed in [12, §6.3], and the author hopes to take it further in [15]. 
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